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Abstract

We compare Fourier Neural Operators (FNOs) and Spectral Neural Operators
(SNOs) for learning solution operators of parameterized partial differential equa-
tions. While FNOs leverage truncated Fourier transforms for mesh-invariant con-
volutions and satisfy universal approximation property, they suffer from aliasing
errors, impeding its performance in certain scenarios. SNOs instead expand in-
puts and outputs in a fixed global spectral basis, eliminating aliasing and yield-
ing directly interpretable spectral coefficients. We prove universal approxima-
tion results for FNOs, analyze the sources of aliasing in FNOs, and describe
how SNOs avoid these issues. Two methods are benchmarked on Burgers, KdV
and KS equations. Our source code for numerical experiments is available at
https://github.com/aster2024/SNO_vs_FNO.

1 Introduction

Many applications in science and engineering - ranging from aerodynamics design to subsurface
flow modeling - require repeated solves of parameterized partial differential equations (PDEs) at
high resolution. Classical numerical methods such as finite difference, finite element, or spectral
solvers achieve high accuracy but incur steep computational costs when employed in inverse design,
uncertainty quantification, or real-time control loops.

Data-driven surrogate models have emerged as a compelling alternative: once trained, they can
evaluate the solution operator in milliseconds, enabling rapid parameter sweeps and real-time decision
making. However, standard neural networks map between finite-dimensional discretizations and
suffer from mesh dependence, lack of resolution invariance, and inability to query arbitrary points in
the domain [Kovachki et al., 2021].

Neural operators [Anandkumar et al., 2020, [Li et al.|[2020] directly learn mappings between infinite-
dimensional function spaces. The Fourier Neural Operator (FNO) [L1 et al.|[2021]] replaces integral
kernels with convolutions in the Fourier domain, leveraging the FFT for quasi-linear complexity
and demonstrating zero-shot super-resolution. Yet FNOs introduce a critical limitation: Nonlinear
activations generate high-frequency harmonics that fold back into the truncated spectrum, leading to
inconsistent multi-grid evaluations and reduced accuracy in high-precision regimes [Fanaskov and
Oseledets| 2023, |Bartolucci et al., [2023]].

Spectral Neural Operators (SNOs) [Fanaskov and Oseledets|, 2023|] address such issue by expanding
both input and output functions in a chosen global basis (e.g. Chebyshev or Fourier polynomials).
The network then learns a mapping on the coefficient vectors, ensuring exact alias-free operations.

In this work, we carry out a systematic theoretical and empirical comparison of FNOs and SNOs:

* We illustrate the architecture of FNO, and prove universal approximation theorems for
FNOs.
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* We characterize the aliasing mechanisms in FNO layers by theoretical analysis and numerical
experiments, and show that SNOs avoid such issue.

* Through numerical experiments on Burgers’ equation, KdV equation and KS equation, we
evaluate the performance of FNOs and SNOs.

2 Related Work

This section outlines the landscape of numerical PDE solvers, contrasting traditional methods with
emerging data-driven approaches. We then delve into specific neural network-based strategies for
PDE solving, highlighting their strengths and limitations, with a particular emphasis on the advantages
offered by neural operators.

Traditional Solvers vs. Data-Driven Methods Conventional solvers, such as Finite Element
Methods (FEM) |Grossmann| [2007]] and Finite Difference Methods (FDM) |Ciarlet| [2002]], Brenner
[2008]], discretize the spatial domain to approximate solutions to PDEs. These methods inherently
involve a trade-off between computational cost and accuracy. Coarse discretizations offer faster com-
putation but compromise accuracy, while fine discretizations provide higher accuracy at the expense
of increased computational time. Complex PDE systems often necessitate very fine discretizations,
posing significant computational challenges for traditional solvers. In contrast, data-driven methods
offer the potential to learn the solution manifold directly from data, enabling significantly faster
solution times compared to conventional solvers [Raissi et al.| 2019, [Kochkov et al., 2021]]. Machine
learning techniques are increasingly viewed as a key to revolutionizing scientific computing by
providing fast, accurate approximations or enhancements to traditional solvers. However, many early
machine learning approaches were limited by their dependence on specific discretizations.

Finite-Dimensional Operators These methods parameterize the solution operator as a deep con-
volutional neural network mapping between finite-dimensional Euclidean spaces |Guo et al.|[2016]],
Adler and Oktem|[2017], Bhatnagar et al.| [2019]. A major limitation is their mesh-dependent nature,
requiring modifications and tuning for different resolutions and discretizations to achieve consistent
error. Furthermore, they are restricted to the discretization size and geometry of the training data,
preventing querying solutions at new points within the domain.

Neural-FEM This approach directly parameterizes the solution function as a neural network [Bar
and Sochen, 2019, Raissi et al.l 2019} |Pan and Duraisamy, [2020]. While mesh-independent and
accurate, Neural-FEM is designed to model only a specific instance of the PDE, rather than the general
solution operator. Each new instance of the functional parameter or coefficient requires training a
new neural network. This approach shares computational challenges with classical methods, as the
optimization problem must be solved for every new instance. Moreover, it is limited to scenarios
where the underlying PDE is known.

Neural Operators Neural operators represent a recent advancement, enabling the learning of mesh-
free, infinite-dimensional operators using neural networks [[Anandkumar et al., 2020} |L1 et al., 2020].
These operators overcome the mesh-dependent limitations of finite-dimensional operator methods
by providing a single set of network parameters applicable to different discretizations, facilitating
solution transfer between meshes. Furthermore, neural operators require training only once; obtaining
solutions for new parameter instances involves only a forward pass through the network, mitigating
the computational burden associated with Neural-FEM. Importantly, neural operators require no
prior knowledge of the underlying PDE, relying solely on data. However, a challenge remains in
developing efficient numerical algorithms for neural operators that can match the performance of
convolutional or recurrent neural networks in finite-dimensional settings, primarily due to the cost
of evaluating integral operators. This work addresses this challenge by leveraging the fast Fourier
transform and spectral decomposition.

3 Problem Statement

Let D C R% be a bounded, open domain and consider two separable Banach spaces

A= A(D;R%), U =U(D;R™),



whose elements are parameter functions a: D — R% and state functions u: D — R%:, respectively.
We assume there exists an (unknown) solution operator

Fr A — U,

typically arising from a parameterized partial differential equation (PDE), so that for each a € A, the
corresponding solution is u = F*(a).

In practice, we observe a finite dataset
N
{(aj, uj)};2e, aj~p and u; = F*(ay),

where 41 is an (unknown) probability measure on .A and each u; may be corrupted by noise. Our goal
is to construct a parametric family of mappings

Fo: A — U, 00O CRP,
such that 7y ~ F* in the sense of minimizing the expected discrepancy

min B[ £(Fo(a), F(a))],

for a suitable loss functional £: U x U — R (e.g. an L? error).

Unlike classical PDE solvers or physics-informed networks, which solve one instance of the PDE at
a time, our aim is to learn the entire operator F* so that a single forward evaluation of Fy yields
the solution w for any new a. This shift from per-instance solution to operator approximation offers
substantial savings when multiple queries are needed.

Since both inputs and outputs are functions, we only have access to their pointwise evaluations on
finite grids

_ ) . . n;Xdg . nj Xdy
Dj={zj1,...,xjn;} CD, aJ‘DFR] , u]|Dj€]RJ )

A key requirement is discretization-invariance: once trained, Fy should accept data on any grid
D’ C D, possibly of different resolution or geometry, and produce a consistent approximation of the
continuum solution. This property enables zero-shot transfer across meshes without retraining.

In summary, our problem is to design a learnable, finite-parameter mapping Fy that
 approximates the true operator F* in the infinite-dimensional setting,

* is trained on a finite collection of discretized input—output pairs, and

* yields mesh-independent predictions on arbitrary point-sets in D.

4 Fourier Neural Operator

We describe the architecture of Fourier Neural Operator (FNO) [Li et al.| [2021]] for learning operators
mapping coefficient functions a(-) to solution functions u(-) in parameterized PDEs.

Let D C R be the computational domain and define the input and output spaces
A={a:D — R}, U={u:D - R¥},

Our goal is to approximate the true solution operator 7* : A — U, u = F*(a), from data {(a;, u;)}.
We introduce a trainable map Fy defined by the following iterative procedure. First, a pointwise lift

vo(z) = P(a(x)) € R (4.1

encodes the input into a higher-dimensional feature space via a small fully-connected network P.
Thenfort=0,...,7T —1 weupdate{ﬂ

Ve () = U(Wt v(x) + by(x) + (lCtvt)(x)>, 42)

'In the original paper of |Li et al[[2021], there is actually no bias term b; (). However the bias term exists in
Kovachki et al.| [2021]], and to support our theoretical study in Section E} we keep the bias term here.
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(a) FNO Architecture: Starting from input a, the model: 1. Lifts a to a higher-dimensional channel space using
a neural network P. 2. Applies four layers of integral operators and activation functions sequentially. 3. Projects
back to the target dimension via a neural network @), resulting in output u. (b) Fourier Layer Details:
Beginning with input v: The upper branch applies the Fourier transform G, performs a linear transform R on the

lower Fourier modes while filtering out higher modes, and then applies the inverse Fourier transform G~*. The
lower branch applies a local linear transform .

Figure 1: top: FNO Architecture; bottom: Fourier Layer Details.

where W; € R%*9 and b;(z) define a pointwise affine mapping (corresponding to weights and
biases), o is a pointwise activation (e.g. ReLU), and K; is a global linear operator. Finally, the
solution is recovered by the projection

u(zx) = Q(UT(J))), 4.3)
with Q : R% — R another small network. The architecture is illustrated in Figure(a).

In the Fourier Neural Operator we choose /C; to be a convolution with a translation-invariant kernel
k¢ : RY — R%*dv_ By the convolution theorem,

(Kw)(z) = /D k(e — y)oly) dy = (& - 9)(a), (4.4)

where 9(k) = [, v(z)e?™#* dz. We parameterize only the low-frequency multipliers %(k) €
CdvXdv for \If]| < K, truncating all higher modes to zero. Concretely, on a uniform discretization
of D withn; X -+ X ng points we compute

0 = FFT(v;), 0,(k) = R(k)0(k), v, =FFT %)),

where R(k) = K(k) for |k;| < K; and FFT denotes Fast Fourier Transform [Cooley and Tukey,
1965]. We provide an illustration for Fourier Layer in Figure [I] (b). This Fourier layer incurs
O(nlogn+ K d?) cost per update, with n = [I; n;jand K = [],(2K; + 1), while requiring grids to
be equispaced to apply FFT. Additionally, |Lingsch et al.|[2024] proposes a method that replaces FFTs
with small matrix—vector products to compute truncated Fourier (or spherical-harmonic) transforms
directly on arbitrary, non-equispaced point clouds, resulting in O(mN) complexity, where m is the
dimension of the computed Fourier modes.

Remark 4.1. The most straightforward example of a FNO is constructed as follows: Let N :Rda —
R be a standard finite-dimensional neural network with activation function 0. We can associate
with NV the mapping N : L?(T%; R%) — L2(T¢;R%), defined by a(x) + N (a(z)). It is easy to
see that A/ is a FNO, as it can be expressed in the form

N=0QoLyo---0LioR,

where R(y) = Ry with R € R% >4« and each layer L is of the form L;(y) = o(Wyy + by) for
some W, € R4 *dv_p, € R, Here, Q is an affine output layer of the form Q(y) = Qy + ¢ with
Q € Réuxdv g ¢ R« By replacing the input i with a function v(z), these layers become a specific



instance of the FNO lifting layer (4.1, the non-linear layers @.2) (with P, = 0 and constant bias
be(z) = by), and the projection layer (4.3). Therefore, any finite-dimensional neural network can be
regarded as a FNO as defined above.

Because R(k) and W are independent of the mesh spacing, the same trained parameters can be
applied to any coarser or finer uniform grid without retraining, enabling zero-shot super-resolution.
The FFT-based convolution captures global dependencies efficiently, while the pointwise activation o
injects nonlinearity, allowing the network to approximate highly non-linear solution operators. In
addition, we showcase the universal property in Section[3] i.e., FNOs can approximate any continuous
operator to desired accuracy.

S Universal Approximation Properties of FNOs

We now establish that FNOs possess universal approximation capabilities [[Kovachki et al.,[2021]],
meaning that for any given class of operators, we can construct an FNO that approximates it with
arbitrary precision. The framework for our analysis is presented below:

Setting 5.1. Let d € N be a fixed spatial dimension, and let D C R represent a domain in R?. We
focus on approximating operators of the form G : A(D;R%) — U/ (D;R%), where a — u := G(a).
Here, the input a € A(D;R%) with d, € N is a function a : D — R% having d, components,
while the output v € U(D;R%) with d,, € N is a function u : D — R%: having d,, components.
The spaces A(D;R%) and U(D;R%) are assumed to be Banach spaces (or appropriate subsets
thereof). Common examples include the space of continuous functions C'(D;R%+) and Sobolev
spaces H*(D;R%) of order s > 0. The definition of the notations is included in Appendix

We proceed to demonstrate that FNOs possess universal approximation properties. Specifically, for
any broad class of operators as specified in Setting[5.1] one can construct an FNO that approximates
the target operator to any desired level of accuracy. This result is formalized in the following theore

Theorem 5.2 (Universal approximation property). Let s, s’ > 0 be given. Consider a continuous
operator G : H®(T%; R4 ) — H* (T% R%) and let K C H*(T% R%) be a compact subset. Then
for any tolerance € > 0, there exists an FNO N : H®(T%; R%) — H*' (T R%) of the form @34),
which is continuous as an operator H* — H S', such that

sup [[G(a) = N'(@)]| s < e.
aceK

Proof. For notational simplicity, we assume d, = d,, = 1 throughout; the extension to general
dg,dy > 1 follows by analogous arguments. We first observe the following lemma, which is proved

in Appendix

Lemma 5.3. If the universal approximation Theorem holds for s’ = 0, it holds for arbitrary

s’ > 0.

We define an operator G that maps functions from the Sobolev space H*(T%) to L?(T?) as follows:
Gn(a) == PnG(Pyna), (.1

where Py is the orthogonal Fourier projection operator defined in Appendix [A] (A.6). Essentially,
Gn can be viewed as the Fourier projection of the operator G.

Next, we can demonstrate that for any specified € > 0, there exists a natural number N € N such that

1G(a) — Gy (@)l < e, Va€K. 5.2)

?In practice, as evaluating the Fourier transform is impossible since it requires computing an integral exactly,
we should compute discrete Fourier Transform between layers of the FNO instead. Its theoretical framework is
introduced in |Kovachki et al.|[2021]]



Consequently, the problem is reduced to finding a Fourier Neural Operator (FNO) (4.4) capable of
approximating the operator G with arbitrary precision.

We define the set Ky containing Fourier wavenumbers k:
Ky :=keZ |kl <N, (5.3)

and introduce the Fourier conjugate (or dual) operator G. N CRv — v

Gn (@) = Fy (Gn (Re (Fy' @)))) (5.4)
such that the following identity holds:
Gn(a) = Fy' oGy o Fn(Pya), (5.5)

This identity is valid for all real-valued functions a € L?(T?). Here, Fn and ]-';,1 represent the
discrete Fourier transform and its inverse, respectively, as defined in Appendix[A](A.9) and (A.T0).

The subsequent steps in the proof involve utilizing the decomposition of the projection Gy in (5.3),
which expresses it in terms of the discrete Fourier transform F o Py, the discrete inverse Fourier

transform ]-"K,l, and the Fourier conjugate operator Gn. We aim to approximate each of these
operators using Fourier neural operators.

We begin by defining
RN = (R?) (~ CF), (5.6)

as the set of coefficients {(v1 x,v2x) ek, Where vo € R are indexed by a tuple (¢, k), with
¢ € {1,2} and k € Kx. We interpret the operator Fy o Py as a mapping Fx o Py : a —
{(Re(@k),Im(@x))} k<~ where the input is a € L*(T) and the output {Re(ay,), Im(ax)} <y €
R2KN s considered a constant function in L?(T%; R?X~). Approximating this operator is a direct
consequence of the following lemma, which is proven in Appendix [B.2}

Lemma 5.4. Let B > 0 and N € N be given. For any ¢ > 0, there exists a FNO A : L?(T%) —
L3(T4;R?%N), v+ {N(v)s,1 }, with constant output functions (constant with respect to z € T9),

such tht IRe(B) — N'(w)el
Reﬁkf UlkLooSG} d
~ ' VkeZ® |kloo <N,
ITm(@k) — N (0)asll~ < € [kl

for all |v|| L2 < B, where vy, € C represents the k-th Fourier coefficient of v.

In the next step, we approximate the (discrete) inverse Fourier transform F ](,1 using an FNO. Since
FNOs operate on functions rather than constants, we interpret the mapping

Fy':i[-R, RPY c RN L2(T4),

as a mapping
vy {LW; [~ R, RIPE) - L2(T9),
N {Re(Vk), Im(Vp) } k< v = v(2),

where the input {Re(y), Im(0)) i<y € [—R, R** is identified with a constant function in
L?(T%; [~ R, R]**~). The existence of an FNO of the form (#.4) that can approximate the above
mapping to a desired accuracy follows from the subsequent lemma, proven in Appendix

Lemma 5.5.Let B > 0 and N € N be given. For any € > 0, there exists a FNO A :
L*(T4;R?%~) — L2(T?), such that for any v € L3 (T¢) with ||v|| 2 < B, we have

lv =N (w)ll 2 <e

where w(x) := {(Re(0y), Im(0x)) } i » 1-€ w € L*(T% RN ) is a constant function containing
the real and imaginary parts of the Fourier coefficients vy of v.



We first address the simplified case where s’ = 0, leveraging Lemma|5.3] That is, given a continuous
operator G : H*(T?) — L%(T%), a compact set K C H?*(T?), and tolerance ¢ > 0, we aim to
construct an FNO N : H*(T%) — L?(T4) satisfying sup,cx [|G(a) — N(a)||z2 < e.

Let Py denote the orthogonal Fourier projection given by (A.6) for N € N. We begin by observing
that since K C H*(T?) is compact, the extended set K defined by

K:=KuU U PvE
NeN

is also compact (this follows from standard arguments). The continuity of G implies that its restriction

to K is uniformly continuous, meaning there exists a modulus of continuity function w : [0, c0) —
[0, 00) such that

IG(a) = G(a)|r2 < w (la—d||m:), Va,d €K.
Using the definition of the projected operator Gy from (3.1)), we obtain:
1G(a) = Gn(a)]lrz < IG(a) = PnG(a)l Lz + [[PnG(a) — PnG(Pra)ll L2
< [Ig(a) — PnG(a)]lz2 +11G(a) — G(Pra)l|L>

< sup [[(1—Pn)vllre +w <suE (1 — PN)a||Hs> . 3.7
veG(K) aEK

The compactness of K ensures that Q(IN( ) is also compact, which yields:

limsup sup ||(1 — Py)v||z2 =0 = limsup sup ||(1 — Py)al g-.
N—oo Ueg(}?) N—oo aEI?

Therefore, there exists N € N large enough such that

1G(a) — Gn(a)||2 <e, VacKCK. (5.8)

The remainder of our proof focuses on constructing an FNO approximation for Gy . Note that G
defines a continuous mapping G : L?(T¢) — L?(T?) viaa + PxG(Pya), and K remains compact
when viewed as a subset of L%(T%). We will establish the existence of an FNO N : L?(T¢) — L?(T%)
such that

sup ||Gn(a) — N(a)||12 < e

a€EK

The restriction of A to H*(T%) ¢ L(T%) then provides the desired approximation of G:
sup [|G(a) — N(a)l|> < 2e.
acK

Since € > ( was arbitrary, this establishes our claim.

As outlined in our proof strategy, the construction of an FNO approximating G relies on the decom-

position (3.3, which involves the Fourier conjugate operator G defined in (5.4). We demonstrate
that each component in the decomposition (5.3) can be approximated by FNOs to arbitrary accuracy.

Given € > 0, we select constants Ry, Rz, Rz > 0 such that

K C Br,(0) := {||ullz> < Rx} € L*(T%),

Rf( Rf( 2K N
Fn o Py (Brg(0)) C {—27 2] ) (5.9)
R R~ R~ 2K N
Gn ([-Rg. Rg]™™) € [_;’;] '

These bounds ensure that each FNO in our composition maps its domain appropriately into the domain
of the subsequent FNO. We now construct FNO approximations for each step in the composition

N :f;,l OQ\N o (.7:1\[ OPN)Z



FNO approximation of 7 ;,1: We begin by constructing an FNO approximation for the final step in
our composition. We interpret the mapping

Fy' i [-R, RPN c RPN 5 12(TY)

as an operator

2(md. [ 2K N 2(md
]__];1 : {L (T% [-R, R] ) — L*(T9), (5.10)

{Re(r), Im(Vk) }ikj<v = v(®),
where the input {Re(k), Im(0)}jkj<n € [—R, R]**™ corresponds to a constant function in
L?(T4;[-R, R]**¥). For non-constant inputs v(z), we define the mapping (5.10) by applying
}'X,l to the constant function x +— de v(€) d€. By Lemma , this mapping can be approximated to
arbitrary precision by an FNO Nipp : L2(T%; R?~) — L2(T4) satisfying

INter (0) = Fi' (@)ll2 < /3, (5.11)

for all constant input functions v € L?(T¢; [ R, R])?*V).

FNO approximation of Gn: We treat the Fourier conjugate operator G from (5.4) as a continuous
mapping
Gn : [-Rg, R c R¥Y — R¥v,

Since [-Rz, R IA(]Q’CN is compact, there exists a finite-dimensional standard neural network N
R~ s R2KN such that

sup IGn (@) = N@)|l¢= < €/3. (5.12)
ﬁe[—R?,Rg]ZKN
Moreover, by (5.9), we have
. R~ R~ 2K N
Gn ([—RIA(,R;(]WCN) C [—QQ, ZQ] .

By selecting a neural network approximation N with sufficient accuracy, we can additionally ensure
that
% 2K 2K~
N ([=Rg, Rg]™~) C [-Rg, Rg] ™",

alongside condition (5.12). We observe that for v € L?(T?; R?*~), the corresponding mapping
N L2(T4REN) 5 L2(TG RPN p(2) s N(v(2)),
constitutes an FNO containing only local layers of the form
ve(x) = o (Agve(x) + b)), (A € R4&>dv b, € RYY),

where d,, := 2|Ky|, corresponding to an FNO with all P, = 0 (see Remark . We therefore
identify N with this specific FNO in what follows.

FNO approximation of 7 o Py: Finally, we interpret

Fn o Py : B, (0) C L*(T?) — RV
as a mapping
Bp, (0) = L*(T%4 R¥N),

5.13
v {Re(@), I (@) ki< ©.13)

fNOPN:{

where the output {Re(t,), Im(0 ) } < v € R?*N represents a constant function in L?(T%; R*v),
According to Lemma this mapping can be approximated to arbitrary precision by an FNO
Nrt : Br, (0) — L?(T% R?*V) (producing constant output functions). Specifically, denoting

Lip(N) as the Lipschitz constant of the FNO constructed in the previous step, we can ensure that

Lip(N) || Fx Pnvv — Ner(0)|le2 < €/3, Vv € Br, (0), (5.14)



and since (5.9) gives us
R~ Rn7%w
Fivo PuBac(0) < | -5, TE|
we can additionally guarantee that

Net (Bre(0)) € [Rg, Rz] Y.

Error analysis for the composite FNO: We now define the composite FNO N (a) := Nipr o No
NFr(a), where each component has been constructed above. We observe that

sup[|Gn — N[z
K

2

< Sup H]:N oGy o Fy o Py —NproNo NFT’

< sup H]‘-;; OgNO}-NOPN—]:]; ONOJ\/‘FT‘
Bry (0)

L2

SUP H]:N ONONFT*MFTONONFTH ,

< sup HgNO]:NOPN_NONFT’
Bry (0)

+ s FY =N
N (¥ (B 0)))

=: (I)+ (I1).

L2

For term (1), we note that
N (Ner (Bry (0)) € N (=R, Rg)™™) € [-Rg, R
which, combined with (3.11)), yields:

Un< s | Fy - Ner]. </
[~ Rg.Rg| ™

]2ICN

To bound term (I), we decompose it as:

() = SUP HgNO]:NOPN NONFT’

2

< sup HgNO}—NOPN_No]:NOPNH
Br (0) L2

+ sup HNO-FNOPN NONFT‘

L2
=: (Ia) (Ib).
For subterm (Ia), we observe that
/CN
Fx (Py (Br,o(0)) € [~Rg, Rg’
leading to
(la) < ‘QN NH <€/3,

]2)CN ‘
by virtue of (5.12)). For subterm (Ib), we have:

[~

b).
(Ib) < Lip(N) sup | Fn o Py — Nipl||,» < €/3,
Bry (0)
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Figure 2: An alias-free framework is presented, where U represents the continuous operator and u
its discrete counterpart. Synthesis operators, along with their pseudo-inverses, serve as the critical
link, enabling transformation between the continuous function space and the discrete space used for
computation.

following from (5.14).

Combining all estimates, we conclude:
sup ||Gn(a) — N(a)||r2 < e.
a€EK

This demonstrates that the continuous operator G can be approximated by an FNO N to any pre-
scribed accuracy € > 0. Together with (5.2)), this completes our proof of the universal approximation
theoremfor the special case s’ = 0. The general case with s’ > 0 follows directly from Lemma

O

6 Aliasing Errors in FNOs

FNOs possess universal approximation capabilities. However, in practice, evaluating the Fourier
transform is impossible since it requires computing an integral exactly. Instead, in actual computations,
we should compute discrete Fourier Transform between layers of the FNO instead. This introduces a
critical challenge: aliasing error may lead to reduced accuracy in high-precision regimes [Fanaskov
and Oseledets}, |2023| |Bartolucci et al.,2023]], impeding the performance of FNOs. In this section, we
analyze the aliasing errors within the FNO layers by theoretical analysis and empirical analysis.

6.1 Theoretical Analysis
6.1.1 Representation equivalent Neural Operators (ReNO)

Bartolucci et al.|[[2023]] introduces an important concept: Representation equivalent Neural Operator
(ReNO). That is, given any pair (¥, ®) of frame sequences corresponding to H and K, we define
a discrete-level mapping u(¥, ®): Ran T\'If, — Ran T}, which operates on discrete function repre-
sentations. Note that this mapping is parameterized by the frame sequences, which is natural since
changing the discretization necessitates modifying the function definition accordingly. For notational
simplicity, when the context is clear, we will denote u (¥, ®) simply as u.

Definition 6.1. Representation equivalent Neural Operators (ReNO). A pair (U, u) constitutes a
ReNO when, for every frame sequence pair (¥, ®) satisfying DomU C My and RanU C Mg,
the absence of aliasing occurs, meaning that the aliasing error operator equals zero:

e(Uyu, ¥,®) =0. 6.1)
This property is abbreviated as (U, u) = 0.

Put differently, the diagram shown in Figure 2a] commutes for every applicable pair (¥, ®). Under
these circumstances, all discrete representations u(¥, ®) are equivalent, signifying that they uniquely
characterize the identical underlying operator U, provided that a continuous-discrete equivalence
property is satisfied at the function space level. The domain and range requirements in Definition [6.1]
ensure that the frames can sufficiently represent the input and output functions of U.
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Remark 6.2. When the aliasing error (U, u, U, ®) vanishes (as mandated by Definition , the
requirement that u(¥, ®) maps Ran T}, C ¢2(I) into Ran T}, C ¢2(K) leads to

w(W,®) =T) oUoTy. (6.2)

We note that this formulation of (¥, ®) ensures that the diagram in Figurecommutes. Specifically,
after establishing the discrete representations W, ® for input and output functions, there exists a unique
method for defining a discretization u(¥, ®) that remains consistent with the continuous operator U,
given by (6.2). In practical applications, we may encounter various discrete representations of input
and output functions, which theoretically corresponds to changing reference frames in the function
spaces.

It is crucial to note that to eliminate any aliasing error, the discrete representation of U must depend
on the selected frame sequences. Therefore, u necessarily depends on ¥ and ®, making it inherently
discretization-dependent. The proof of Remark[6.2]is provided in[B.4]

Specifically, Remark[6.2]directly provides a formula for transforming from one discrete representation
to another:
w(W, @) =T, 0 T ou(¥, ®) o T o Ty, (6.3)

provided that both frame sequence pairs (¥, ®) and (¥’, ®’) satisfy the conditions specified in
Definition[6.1] Consequently, the diagram in 2c|commutes.

Formula (6.3)) directly establishes Proposition[6.3] which creates a connection between aliasing and
representation equivalence. This demonstrates the distinction from discretization invariance, exten-
sively discussed in |[Kovachki et al.|[2023]]: whereas that concept establishes asymptotic consistency,
representation equivalence enables direct comparison between any two specified discretizations and
ensures their equivalence.

Proposition 6.3. Equivalence of ReNO discrete representations. Consider (U, u) as a ReNO. For
any two frame sequence pairs (¥, ®) and (¥’, ®’) that satisfy the conditions in Definition we
obtain

T(u,u’) =0,

where u’ represents u(¥’, ®’) by slight notational abuse.

Therefore, assuming that the discrete mapping at each discretization level is consistent with the
underlying continuous operator, we obtain a unique method for expressing the operator at every
discretization. Additionally, formula (6.3) bears close resemblance to similar formulas presented in
Kovachki et al.|[2023]], ILi et al.| [2021] when evaluating single shot super resolution.

6.1.2 Fourier layer in FNOs
Our focus here is on the Fourier layer of FNOs, specifically
Kv=F YR F)), (6.4)

where F, F~! represent the Fourier transform and its inverse, and R denotes a low-pass filter.
In Kovachki et al. [2023], the authors define the Fourier layer on the space L?(T) of 2-periodic
functions and, with minor notational liberties, they refer to the mappings F: L*(T) — ¢*(Z) and
F~L02(z) — L*(T),

Fuw(k) = <w7€i7rk:1:>’ f71<{Wk}k6Z) = ZWkemkzv

kEZ

as the Fourier transform and inverse Fourier transform. Furthermore, the authors define the discrete
version of as F~'(R ® F), where F, F~! denote the discrete Fourier transform (DFT) and its
inverse, assuming access only to pointwise function evaluations. However, the space of 2-periodic
functions is too extensive to permit any form of continuous-discrete equivalence (CDE) when input v
and output v are represented through point samples. Therefore, we consider smaller subspaces of
L?(T) that enable CDEs. Specifically, we demonstrate that FNO Fourier layers can be implemented as

11



Representation equivalent Operators (cf. Definition[6.1)) between bandlimited and periodic functions.
Let K > 0 and define Pk as the space of bandlimited 2-periodic functions

K
Px = {w(a:) = Z Wie ™ AWM € (CQK“} .
k=—K

Every function w € Pk can be uniquely represented by its Fourier coefficients {W},}%__ ;- and by

its samples {w(%ﬂ)} K__ . as shown in|Vetterli et al. [2014]. The latter are coefficients of w with
respect to the orthonormal basis

1 2k e
Uy = d(-- .
K { TSy < QKH)}M, (6.5)

where d denotes the Dirichlet kernel of order K and period 2, defined as

K
ity =y e
k=—K

Moreover, the DFT {/Wk}kK:7 i of the sample sequence {w(%ﬂ)}kK:f i relates to the Fourier
coefficients of w through

Wi = QK+ 1)W,, k=-K,.. K,
with proof provided in [Vetterli et al.|[2014]. This yields the commutative diagram

f
pr (CQK—‘,-l7

T . 1d
C2K+1 (2K+1)-F C2K+1

where T},K : P — C2K +.1 represents the analysis operator associated with basis (6.3). Similarly,
we construct the commutative diagram

’ —1
C2K'+1 __F Py

JId T‘I’K/T
1 -l
C2K'+1CKHD 2K 41
. (2K +1 . . . . .
where Ty, : C — Px- represents the synthesis operator associated with basis (6.5) with
K=K
Here, R = {Rk}f:/_ x> With K’ < K, denotes the Fourier coefficients of a 2-periodic function, and
the mapping R © F: Pg — C2K'+1 ig defined as
(R@}'w)(k’):Rka, k=-K, . K.
By definition, R ® F provides a continuous-discrete equivalence operation. Overall, we obtain the
commutative diagram

RO ’ -1
Px F C2K+1 2K'+1 __F Py

JT\I,K IdI IdI Ty KW
1 -1

C2K+1 (2K+1)-F C2K+1 RO cox 41 CRED T caK' 41

demonstrating that the discretization of Fourier layer[6.4} the blue path in the commutative diagram
above, is defined through Equation (6.2). Consequently, Fourier layer[6.4] considered as an operator
from Py to Pk, satisfies the requirements of a Representation equivalent Operator (cf. Defini-
tion[6.1)). However, pointwise activation functions applied to bandlimited inputs will not necessarily

12



preserve bandwidth. In fact, with common activation functions like ReLU, o(f) ¢ Pk for any
K € N. Therefore, the FNO layer

o(Kv) = o(F (RO F)(v))

may not respect continuous-discrete equivalence and can introduce aliasing errors, a fact previously
identified in Fanaskov and Oseledets| [2023]]. Hence, FNOs may not qualify as ReNOs in the sense of

Definition[6.1]

6.2 Empirical Analysis

We analyze the impact of activation functions using empirical analysis. Specifically, we consider
a function f belonging to the space Pg, where K = 20, assuming f to be both periodic and
bandlimited. The uppermost plot in Figure 3] visualizes the values of f, alongside its transformations
via the ReLU (ReLU( f)), GELU (GeLU( f)), Sigmoid (sigmoid(f)), and Tanh (tanh( f)) activation
functions. Given that f’s Fourier coefficients vanish beyond the Nyquist frequency K, sampling f
at 2K + 1 points on a grid is sufficient for its complete characterization. However, the lower plot
demonstrates that this condition no longer holds for ReLU( f), GeLU( f), sigmoid( f), and tanh(f).
Consequently, the discrete representation on the grid fails to uniquely represent the continuous
functions, leading to aliasing artifacts.

Time Domain

——— f (band-limited)
——— ReLU(f)
—— GELU(f)
—— sigmoid(f) ‘
2 —— tanh(f)
a
IS
<C
2 3
06 — I
—— |ReLU(F)|
0.5 — |GELU(F)|
—— |sigmoid(F)|
L o4 —— |tanh(F)|
2 ——- Nyquist K
503
]
=
0.2
0.1
0.0
-60 40 60

Fourier mode k

Figure 3: The application of the activation function broadens the bandwidth of the input function
beyond the Nyquist frequency, resulting in aliasing errors.

7 Spectral Neural Operator

To eliminate this aliasing issue within the FNO layers, the Spectral Neural Operator (SNO) [Fanaskov
[and Oseledets| [2023]] works directly in coefficient space. Given an input function a(x), we first
compute its truncated spectral coefficients

d= (A<, al@) = Y dpr(@).

|k|<K
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We then seek a finite-dimensional map
N
d —9> b7 b= (bf)w\SL?

so that the output function u(x) = Z be ¢e(x) approximates the true solution *(a). In practice
le|<L
we stack the coefficient vector d into a tall matrix U € C(2K+1)%dv when multiple feature channels
(multiple functions) d,, are used, and implements N in three neural-network stages:
N N. N:
U—V--23Y 2> W,

where N7 and N3 are pointwise (channel-wise) linear layers with nonlinear activations, altering only
the number of feature channels, that is:

U(n+1) -0 (U(n)A + b) e Ckxm
(7.1
U(n) c (Ckxl7 Ae (:l><7n7 he ¢:1><7n7

where o is a pointwise activation.

Meanwhile, N introduces global mixing by a learned low-rank operator B (corresponding to low-
rank integral operator) acting along the coefficient dimension. It is stacked from the following
layers:

U(n+1) —C (BU(n)A+b) e Crxm
(7.2)
Be (Crxk, U(n) e (Ck:xl7 A€ (Cl><m7 he Crxm,

Finally, the resulting matrix W € CL+1)xdu provides the output coefficients for each solution
channel, and application of the inverse FFT or DCT reconstructs «(z) at arbitrary points.

By learning entirely in the truncated coefficient domain, SNOs avoid the aliasing errors that plague
pointwise nonlinearities in Fourier layers, as shown theoretically in Appendix[B.5] Moreover, because
spectral coefficients are explicit, we obtain immediate access to spectral decay rates, Sobolev-norm
estimates, and derivative bounds. The per-layer complexity is O(N log N + N d?). SNOs also enjoy
mesh invariance: once the coefficient map Ny is trained, evaluation on any grid or set of points in D
requires only coefficient reconstruction via the basis functions { ¢y}, without retraining.

8 Numerical Experiments

In this section, we empirically evaluate the performance of the Spectral Neural Operator (SNO)
against the widely-used Fourier Neural Operator (FNO) baseline. We conduct experiments on three
benchmark problems governed by canonical partial differential equations: the viscous Burgers’
equation [Burgers, |1948|], the Korteweg-de Vries (KdV) equation [Korteweg and De Vries, |1893],
and the Kuramoto-Sivashinsky (KS) equation [Kuramoto, |1978| |Ashinsky, 1988]. We compare FNO
with two variants of SNO: one employing a Fourier basis [baron de Fourier, |1822] (SNO-Fourier)
and another using a Chebyshev basis [Mason and Handscomb, [2002]] (SNO-Chebyshev).

8.1 Governing Equations

Due to the computational resource constraint, we only use 1D data for both neural operators here. We
focus on learning the solution operator for three 1D time-dependent PDEs, each exhibiting distinct
physical behaviors. The task is to learn the mapping from an initial condition u(z, 0) to the solution
at a future time 7', i.e., G : u(z,0) — u(z,T). All problems are considered on a periodic domain
x € [0, 2m].

1. Viscous Burgers’ Equation: This equation is a fundamental model for convection-diffusion
phenomena, combining a nonlinear convection term and a linear diffusion term. It is given
by:

Ou  Ou 0u

ot T or = Vo @D
where v is the viscosity coefficient. For our experiments, we set ¥ = 0.01. This equation
models the formation of shock waves balanced by viscous dissipation.
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2. Korteweg-de Vries (KdV) Equation: The KdV equation models weakly non-linear, long-
wave propagation in dispersive media, famously describing shallow water waves. It is known
for its stable, localized soliton solutions. The equation is:

A bu— + 2 =0 (8.2)
X X

The third-order derivative term introduces dispersion, which counteracts the wave-steepening
effect of the nonlinear term.

3. Kuramoto-Sivashinsky (KS) Equation: The KS equation is a model for instabilities and
spatio-temporal chaos in various physical systems, such as flame fronts and thin film flows.
It is defined as:
ou  Oou  9*u  Ou
ot +u8x + Ox? + Ox?
The equation features a second-order anti-diffusion term (4+0%u / 0z?) that introduces insta-
bility, which is regularized by the fourth-order hyper-diffusion term (+9%u/0x%).

=0 (8.3)

8.2 Data Generation

We summarize the key aspects of the data generation pipeline below.

Numerical Solver To ensure accuracy and stability, we employ a second-order Implicit-Explicit
Runge-Kutta (IMEX-RK?2) scheme [Ascher et al.| [1997]]. This method is well-suited for the target
PDEs as it treats the stiff linear terms (e.g., diffusion, dispersion) implicitly in Fourier space while
handling the non-linear advection term explicitly. The spatial domain [0, 27] is discretized with
N, = 256 grid points. The solution operator is learned for a fixed future time of 7' = 0.1, with a fine
time step of At = 107> used in the solver to guarantee a high-fidelity ground truth.

Initial Conditions For each PDE, we generate a diverse set of random initial conditions to ensure
the learned operator generalizes well.

* For the Burgers’ equation, initial conditions are a mix of random Gaussian pulses and
superpositions of low-frequency sinusoids.

* For the KdV equation, initial conditions are composed of single and multiple soliton-like
profiles (using sech? functions) with varying amplitudes and positions.

* For the KS equation, initial conditions are generated as a sum of several sinusoids with
random phases and amplitudes, plus a small amount of white noise to effectively trigger its
chaotic dynamics.

For each equation, we generate a dataset containing 2, 000 samples for training and 1, 000 samples
for testing.

8.3 Implementation Details

All models are implemented in PyTorch [Paszke| 2019] and trained on a single A100 GPU. The
goal is to ensure a fair comparison by keeping the number of trainable parameters and the training
procedure consistent across all models.

Model Hyperparameters We carefully selected hyperparameters for FNO and SNO to have a
comparable number of trainable parameters (approximately 209k for both).

* FNO: The architecture consists of a lifting layer, 3 Fourier layers, and a projection layer.
The key hyperparameters are a feature width of width=64 and modes=16 Fourier modes
kept in each layer.

* SNO (Fourier & Chebyshev): The SNO architecture consists of a lifting network, 3 spectral
mixing layers, and a projection network. The hyperparameters are set ton_coeffs=64 (num-
ber of input spectral coefficients), 1lifting_features=64, and integral_neurons=256.
For SNO-Chebysheyv, inputs are transformed to the spectral domain using the Discrete Co-
sine Transform (DCT) [Ahmed et al.| 2006], while SNO-Fourier uses the Real Fast Fourier
Transform (RFFT) [Sorensen et al., 2003|].
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Training and Evaluation The training setup is identical for all experiments. We use the AdamW
optimizer [Loshchilov and Hutter, [2017]] with a learning rate of = 0.001 and a weight decay of
10~°. A cosine annealing learning rate scheduler [Loshchilov and Hutter, 2016] is employed over
the entire training duration. The models are trained by minimizing the relative L2 error, defined

as L(u,u) = ”m;ﬁlnf , where wu is the ground truth and @ is the model prediction. All models are
L

trained for a total of 20, 000 epochs with a batch size of 2, 000.

8.4 Results

We report the final test performance of all models across the three PDE benchmarks. The evaluation
metric is the average relative L2 error on the test set. The results, along with the number of trainable
parameters for each model, are summarized in Table[I} The result shows that FNO generally performs
better on 1D settings.

Table 1: Comparison of test set relative L2 error for FNO, SNO-Fourier, and SNO-Chebyshev
across three different PDE benchmarks. The number of trainable parameters for each model is kept
approximately equal for a fair comparison.

Model Parameters Burgers KdVv KS

FNO ~209.2k | 447 x10~% 333 x10=° 7.55 x 1071
SNO-Fourier ~209.1k | 1.30 x 1072 7.49 x 1073 2.08 x 1073
SNO-Chebyshev | ~209.1k | 8.33 x 1073 6.64 x 1073  4.60 x 1073

9 Conclusion

This work presented a comparative study of Fourier Neural Operators (FNOs) and Spectral Neural Op-
erators (SNOs). We illustrated the architecture of FNO and SNO, and conducted theoretical analysis
and numerical experiments for both neural operators. This work provides guidance for practitioners
on selecting the appropriate neural operator architecture for different application contexts.
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A Notation

In this section, we introduce frequently used notation in the main text and recall some essential facts
about Fourier analysis.

In the main text, our focus is on functions defined on the periodic torus T, identified as T = [0, 27r]d.
Following standard practice, we denote by L?(T?) the space of square-integrable functions. For any
such function v € L2(T%), we define the Fourier Transform as,

1 —i(k,x d
F(v) (k) := W/Tdv(x)e k2 d, Vi e z4. (A1)
For any k € Z%, the k-th Fourier coefficient of v is denoted by vy, = F(v) (k).
Given a set of Fourier coefficients {0y, } ¢z, the inverse Fourier Transform is defined as,
F@)(x) =Y '™ Vo eT? (A2)

kezd

Using the Fourier transform (A.T) and for s > 0, we denote by H*(T¢) the Sobolev space of functions
v € L?(T?), with Fourier coefficients {0y, }cz¢, having a finite H*-norm:

o= % 5™ (el < o (A3)
2
kezd
Note that with this definition, we have from Parseval’s identity, that ||v||go = ||v||2, so that

HO(T?) = L2(T9).
We also introduce the corresponding homogeneous Sobolev spaces H*(T¢) (and L?(T%) := H°(T4)),
consisting of functions v(z) € H*(T%) with zero mean fy, v(z) dz = Ty = 0, and with norm

1/2

ol ge == | @0 > kPl | . (A4)
kezd\{0}

Given N € N, throughout this work, we will denote by L3 (T¢) the space of trigonometric polyno-
mials vy : T? — R, of the form

ov(@) = D epe!™H, (A.5)
koo SN
where the summation is over all k = (kq, ..., kq) € Z% such that
|k|oo = max |ki| < N

=1,...



The space L%, (T?) is viewed as a normed vector space with norm || - || 2. Similarly, for s > 0, we

denote by H j{,(']l’d) the normed vector space of trigonometric polynomials vy of degree < IV, with
norm || - || gs.

We note that in order to ensure that vy (z) € R is real-valued for all z € T, the coefficients ¢, € C
must satisfy the relations c¢_j = ¢, for all |k|. < N, and where ¢ denotes the complex conjugate
of Ck.

We denote by
Py : L*(T%) — L%(T%), v~ Pyv, (A.6)
the L2-orthogonal projection onto L%;(T%); or more explicitly,
Z cpetBo) | = Z e’V () peza € (29,
kezd |kloo <N
In fact, the mapping Py defines a projection H*(T¢) — H$,(T?) for any s > 0. We have the
following spectral approximation estimate: Let s > 0 be given. There exists a constant C' =
C(s,d) > 0, such that for any v € H*(T%), we have
v — Pyvllge < CN~CG=9|v||gs, foranys € [0,s]. (A7)
We also define a natural projection
Py : L3(TY) — L3/(T), (A.8)

by removing the mean, i.e. Pyv = Pyuv — de v(z) dz, or equivalently:

Py che“k’ﬂ = Z ckei<k’z>, V(ck)kezde£2(zd).
kezd 0<]k|ec <N

Recall the set of Fourier wave numbers (5.3) and we define the discrete Fourier transform F :
RIN — CK~ by

Fn(v) (k) := 2N+ 7y 2 Y we k) (A.9)
JjEIN
with inverse ]-"]T,l :Cly 5 RIN,
= > DRt URN, (A.10)
ke N

B Detailed Proofs and Technical Results for Section 5
B.1 Proof of Lemma[3.3|

The demonstration of Lemma [5.3|requires the following auxiliary technical result:

Lemma B.1. Let s > 0 and N € N be given parameters. Consider a compact set K C H s’
and assume that the activation function satisfies ¢ € C™ for some integer m > s’. Then for any

prescribed tolerance € > 0, there exists a single-layer FNO £ : H ' —» H¥ such that

sup ||Pnvv — L(v)|| g < €.
veEK

Proof of Lemma|B.1} We begin by noting that the Fourier projection operator Py : H s HY s
continuous, which implies that the image set Py /X' C H® is compact. Moreover, Py maps into a
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finite-dimensional subspace of H s’ Due to the equivalence of norms on finite-dimensional spaces,
there exists a constant Cy = Co(NV, K) > 0 such that

sup ||Pnv|pe < Co, sup ||Pno|lgm < Co. (B.1)
veEK veEK

Let 29 € R be chosen such that o’(x) # 0. For any parameter h > 0, we define the function
o(xo + hx) — o(xg — hx)

Yn(@) = 2ho’ (z0) (B.2)
One can readily verify that ¢, € C™, and there exists a constant C; = C1 (o, Cy) > 0 such that
[nllom(~co.copy < Cr, Vhe(0,1]. (B.3)
Furthermore, applying Taylor expansion yields
|p(x) — x| < Ch, Vae[-Cy Col, Vh € (0,1]. (B.4)

By the composition rule for Sobolev functions, we have ¥, o Pya € H™ whenever Pya € H™,
and there exists a constant C, = Co(C1, Cp) > 0 such that

||wh(PNU)HHm < CQ, Vve K. (BS)

We observe that the mapping v — L (v) := ¥y, (Pnv) can be implemented as a single-layer FNO,

and by (B.3)), we obtain
H;Ch(U)HHm S CQ, Vv e K. (B6)
Using the interpolation inequality between Sobolev spaces, we have
1L () = Pyl < [1€n(0) = Pyl 22l Ln(v) — Paollg

where § = 1 — s’/m > 0. The second factor can be bounded independently of » > 0 using (B.6)
and (B.I). By and (B.T)), we obtain

1L (v) — Pnollpe = |[¢n(Pyv) — Pyv|ze < Ch,
for some constant C' > 0 independent of both & and v € K. We conclude that
|1Lh(v) — Pnvl| s < ch? -0,

as h — 0, for some constant C' > 0 independent of h. This establishes the desired result. O

‘We now proceed with the main proof:

Proof of Lemmal5.3] LetG : H® — H s' be a continuous operator, and let K’ C H?® be a compact
set. We assume that FNOs provide universal approximation for operators of the form H* — L2,
and we aim to demonstrate that for any tolerance ¢ > 0, there exists an FNO approximation of

G:H®— HY achieving accuracy e.

We first observe that due to the compactness of G(K) C H s’ there exists N € N such that
sup [|G(a) — PnG(a)|| o < €/2. (B.7)
a€EK

Let § > 0 be a parameter whose specific value will be determined at the conclusion of this proof. By
our assumption regarding the universal approximation property for operators H* — L2, there exists

an FNO N : HS — L2, continuous as an operator H® — L2, such that

sup ||PnG(a) — N(a)l|p> < 6. (B.8)
aceK

One challenge in our construction is that there is no guarantee that N defines a mapping H* — H s
indeed, for s’ > s, this is generally not the case. We address this issue by composing with an

additional FNO layer £ : L2 — H*' .
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By Lemma there exists a single-layer FNO v — Z(v) satisfying the identity
L(v) = L(Pnv), (B.9)
for all v, and defining a continuous operator H ' — H*', such that

sup ||Pyv — L) g <6, (B.10)
veK’

where K’ := PyN(K) C H¥ is a compact subse of H¥ .
Next, we define a new FNO through composition N := LoN :H® — H*. The operator NV is
continuous from H* to H*', since it can be expressed as the composition
N P, ’ r ’
Hs N2 Byopgs Eygs
of continuous operators.

We observe that for any a € K, the following bound holds:
1PNG(a) = N(@)ll o < [[PxG(a) = PuN(a)llgror + | PN (@) = N(@)] s
< ON¥'||PnG(a) = N(a)l|12 + | PNN (@) — LPNN (@) o

where we have utilized the inequality || Py v|| ;7.0 < CN*®'||Pyv|| 1> for a constant C' = C/(T¢, s') >
0 independent of IV, and the fact that N'(a) = L(N(a)) = L(PyN(a)) (see (B9)).

Using (B.8), we can estimate
CN*||PxG(a) — N(a)||> < CN*®'6.

The bound (B_T0) implies that || Py (a) — L(PyN (a))|| o = [|Pyv — L(0)] 5 < 8 by (B:10),
with v := PyA(a) € K'. Thus we obtain

|IPvG(a) — N(a)| o < (CN* +1)3, (B.11)

where C' = C(T%,s') > 0 is independent of §. Since § > 0 is arbitrary, we can ensure that
(CN*' +1)8 < ¢/2.

From this estimate, combined with the bound (B.7), we conclude that there exists an FNON : H® —
H? such that

sup [|G(a) — N(a)|| g < sup [|G(a) — PnG(a) -
a€EK aceK
+ sup [|[PnG(a) — N(a)ll o
a€EK
<e.

This completes our proof. O

B.2 Proof of Lemmal[5.4|

Proof. Step 1: In this initial step, for any given tolerance € > 0, we construct an FNO
M : (T4 R) — LP(T4RYV),
such that

(it~ Pvte) ool <y, B

N1 (v)2,1 = Pyo(z) sin((k, ) L~ <,

To construct such an operator N7, we first define a lifting mapping

Ry : LH(T%4R) — LT RYMY), w(z) — @(x),

3We note that N/ (K) C L? is compact as the continuous image of K, and that Py : L? — H ¢ defines a
continuous mapping for fixed N € N.
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where @(z) := {(v(z),0,v(x),0)}rexcy € R for any 2 € T. In what follows, we identify
RN ~ R with d,, = 4|Kx|.

We then define the inner components of the first FNO layer (specifically the matrix W, multiplier
P, and bias b(z) in (.2)) such that P(k) = 1<y 14, xa, either vanishes (for |k| > N) or equals
the identity matrix (for |[k| < N), W = 0 is the zero matrix, and the bias function is b(x) :=
{(0,b2,1(2),0, b4, 1(2)) trery With ba i (x) = cos((k, z)) and by x(x) = sin((k, z)), yielding
L1(0)(z) := Wi(z) + b(z) + FH(PF®D)(z)
= {( Pnwy k(x), cos((k,z)), Pyisk(z), sin((k,x}))}keKN :

Recall that by assumption, we have ||v|| 2 < B, and by construction, w1 ,(x) = W3 x(z) = v(z),
which implies

[PNW1 k|| Lee = [[PNWs kL = [|[Pyv]lLe < Cl|Pyvl|r2 < CB,
where C' = C(N) o< N%? is a constant depending on N.

By the universal approximation theorem for standard neural networks, there exists a neural network

N : [-CB,CB] x [-1,1] x [-CB,CB] x [-1,1] — R?

with activation function ¢ such that max, .4y [N (a, b, ¢, d) — (ab, cd)| < €, where the maximum

is taken over all a, ¢ € [-CB,CB] and b,d € [-1,1].

Then the pointwise mapping

L*(T%R) — L*(T4 R,

(@) = @(x) = L1(R1(v))(x) — N(@(x)),
satisfies @) and V] can be represented as an FNO (see Remark @)

Step 2: From the previous step, we have ||N7(v)1,x — Pyv(z) cos((k,x))| L~ < eand ||N7(v)2 —
Pyov(x) sin((k,z))||p~ < eforallv € L?(T%) with ||Jv||z> < B.

‘We observe that since

le\A/oﬁAloRl:{

Pyu(z) = Z Dpeth)
Ikloo <N

and since v(z) is real-valued, the Fourier coefficients vy, satisfy v_j = Dk, where 0, denotes the
complex conjugate of vy, and

Pyo(x) cos((k, z)) de = Re(vy), ][ Pyv(z)sin({k, x)) de = —Im(0y).
Td Td

In particular, this implies that the zeroth Fourier modes of Pyv(z) cos((k,z)) and
Pyu(z) sin({k, x)), respectively, are given by

f[pchos«k, .>)] (0) = Re(), f[PNUsm«k, .>)} (0) = —Im(vy).

Consequently, using the Fourier multiplier

no_ 1, (k/ZO) /
60(14;)_{07 o, VHEZ

and with w(z) := N1 (v)(z) € L*(T4R?*~) written as w(x) = {(w1 x(2), wor()) bkeky» We
have

|77 (86 () Flur,) () (@) = Re(Bi) | <.

|7 (860 Flwo) (1)) (@) + Tm(@) | <
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for all v € L2(T%) with ||v[| 2 < B.

We use this observation to define an appropriate FNO layer with local matrix W = 0, bias b(z) = 0,
and a Fourier multiplier matrix P : Z? — C4*d k' s P(K') (where d, = 2|Ky| and C% ~
C?£n), with entries

[P 4,1y, ) 7= 00 (k') {8e=1(€) = be=2(0)} 1a, xa, -

With this definition of the Fourier multiplier P, we define £, : L2(T%; R2X~) — L2(T4; R2K~) by

La(w) = Ww(z) + b(z) + F (wa) (2).

Then, by construction, for any v € L2(T%) with ||v|[;2 < B, the output w := L(Ni(v)) with
w(x) = {(w1k(x), we k() }rer,y satisfies

{le,k(x) — Re(Uk)|l = <€
[wa,k(2) = T (Vk )| e < €.
We also note that Eg outputs only constant functions by construction.

This is nearly the desired result, except that the composition 22 o N7 does not define an FNO since
the linear layer Lo lacks the nonlinearity o. This can be remedied by composition with an appropriate
standard o-neural network A/ that approximates the identity function.

Indeed, the last estimate implies that |wy ;| < |Ux| + € < B + € for all £ and k. By the standard
universal approximation theorem, there exists a neural network A/ : R2X~ — R2EN guch that

IN(w) — wllge <€, YweR¥N |wlpe < B+e.

Then the composition Ny = N o Ly : L%(T4R2KN) — [2(T9 R2K~), given by w(z)

N (Eg(w)(a:)), does define an FNO.

Step 3: We finally observe that since both 7 and N> can be represented as FNOs, their composition
N =Ny o N : L*(T%) — L*(T%,R¥* )

can also be represented as an FNO with depth(N) = depth(N7) + depth(N3), width(N) =
max;—1,2 width(N;), and lift(N) = max;—1 o lift(V;).

Furthermore, the mapping v + N(v) produces constant functions, and for any v € L?(T9) with
||v]| L2 < B, we have

{IRe(ﬁk) = N1l < 26,
|IIm (V) _N(U)kaHLOC < 2e.
Since € > 0 was arbitrary, the claim follows. O

B.3 Proof of Lemmal5.3|
Proof. Step 1: We begin by constructing an FNO N : L2(T4; R?~) — [2(T4;R?~) such that

-1

[Ni(w)1,r — Pvwyk(z) cos((k,z))|| ;o < (2|}CN||’]I‘d|1/2) €,
(B.13)

-1

[N ()2, — Pyws i (x) sin((k, )|, < (2|ICN||’]I‘d|1/2) .

for all w(z) = (w1 x(x),wa k(x)) such that |wy k|| Lo, ||wek|Le < B forall k € Ky. Here
|T?| = (27)¢ denotes the Lebesgue measure of T¢ and |Ky| = (2N + 1) represents the cardinality
of ICN.

To construct such an operator A7, we first define a lifting R : L?(T%; R?*~) — L2(T?; R w)
given by { (w1 (), w1 (x)) tkexn = {(w1,£(x),0,ws k(x),0) lrek . followed by a linear layer
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L : L2(T% R¥*~) — L2(T9; R*~) that introduces only a bias term (setting W = 0, b(z) =
{(0, cos({k, x)),0,sin({k, z))) }rexy, P = 0), yielding

LoR(w) = {(wr,r(x),cos((k, x)), wa k(z),sin((k, 2))) }rex
for all w € L?(T%; R?Aw),

There exists a standard neural network N : [-B, B] x [-1,1] x [-B, B] x [-1,1] — R2 such
that max, p c.q [N (a,b,c,d) — (ab, cd)| < (2|/Kn]||T%"/?)~ e, where the maximum is taken over
a,c € [-B,B]and b,d € [—1, 1]. Since by assumption we have ||wy k|| ro, ||w2 k||Le < B for the

~

inputs of interest, we conclude that N (w) := N o £ o R(w) satisfies (B.13).

Step 2: We define a projection operator Q (similar to the definition of neural operators (#.3)) that
maps w(x) € L2(T%;R? V) to a scalar-valued function:

Q: L*(THR¥™ V) — LX(TY), w(z) = Y (wik(x) — wan(z)).
ke N

Then N := Qo Nj : L*(T4R?*~) — L2(T?) is an FNO, and for any v € L3 (T¢) and w =
{(Re(®k), Im(Vy)) }rex, defined as in the statement of this lemma, we have

Jo = Nz = o= > (M) = Mi(w)z)
kekn L2
< ) [Ni(w)1 .k — Re(@k) cos((k, 2))| .-
ke N
+ ) IV ()2 — Tm(@g) sin((k, z)) | -
keEXN
< Y [Ni(w)1k — Re(@k) cos((k, 2))|| o [T/
ke N
+ ) N (w)a g — Im (D) sin((k, 2)) | o [T/
keEKXN
< K| T2 Inax [N1(w)1p — wik cos({k, )]
+ |Kn|[T) M2 [nax [N (w)2,k — wa g sin((k, )|
< €.

B.4 Proof of Remark[6.2
We maintain the notation established in Section 3.2. Assuming the aliasing error (U, u, ¥, D)
vanishes, we have the following relationship:

U=Tpou(¥,®)oT]. (B.14)
From equation (B:T4), it directly follows that

T;r) oUoTy :T‘I)OT@ ou(\I/,‘l))oT;r, oTy = u(¥,d),

where the final equality holds because T}, oT'y represents the orthogonal projection onto the orthogonal
complement of the kernel of T, denoted (Ker(Ty))+, which is equivalent to the range of T}, i.c.,

Ran(T\IT,). By our initial assumption, u(¥, ®) maps the range of T‘}L, into the range of th. This
completes the proof of Remark[6.2]

B.S SNOs are aliasing-free

We begin by establishing the mathematical foundation of the architecture of Spectral Neural Operators
(SNOs). For a positive integer K > 0, we define

K
Pr = {g(w) = Z crpe™ T e e (C2K+1} ,
k=—K
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which represents the function space of signals that are 2-periodic and have their frequency content
limited to 7K. The collection ¥ = {¢"™* }_ . forms an orthonormal basis for the space Py

We can define the associated synthesis operator Ty, : C2X+1 — Py and its adjoint analysis operator
Tj, - Px — C*F1 as follows:

K
To,({ente k)= > ae™ Ty f={(fe™H k.
k=—K

The spectral neural operator architecture is constructed as a composition of three mappings: Ty, o

N o T}, where the middle component ': C2¥+1 — C2K'+1 represents a standard feedforward
neural network equipped with activation function o. This network is structured as:

N(z) = WED W oW g(W g — pM) — pR)) ... — pB)) — p(L+D) (B.15)

where W () denotes the weight matrices and b(*) represents the bias vectors for layers £ = 1,..., L +
1.

The complete architectural framework can be visualized through the following commutative diagram:

Ty 2K+1 N oK1 ¥k
Px —— C —— C — Py

T\I,KIT\I*,K Ild ]:Id Ty ) ITJ,K,

C2K+1 _1d , 2K+1 N C2K'+1 _1d , 2K'+1

When implemented in discrete form, spectral neural operators reduce to conventional feedforward
neural networks that operate by transforming one set of Fourier coefficients into another. To establish
that SNOs qualify as ReNOs within the context of function spaces Py and P, it becomes necessary
to ensure that equation holds for more general frame sequence selections. Furthermore, the SNO
framework admits natural extensions to accommodate arbitrary frames within finite-dimensional
inner-product spaces.
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